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Abstract
Let G = (V (G), E (G)) be a graph. Consider the group Ss. For u € S, let o(u) denote the order of u in S;. Let
g:V(G) — S;be a function defined in such a way that xy € E(G) © (o(g(x)),0(g(»))) = 1. Let n; (g) denote
the number of vertices of G having label j under g. Now gis called a group S;cordial prime labeling if |n;(g) —
n;(g)| < 1 for every i,j € S5,i # j. A graph which admits a group S;cordial prime labeling is called a group
Sscordial prime graph. In this paper, we prove that the Helm graph, Flower graph and SP(W,,) are group S;
cordial prime.

AMS subject classification: 05C78
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I.  INTRODUCTION

Graphs considered here are finite, undirected and simple. Let A be a group. The order of a € A is the least positive
integer n such that a™ = e. We denote the order of a by o(a).
Cahit [1] introduced the concept of cordial labeling.

Definition 1.1. Let f: V(G) — {0,1}be any function. For each edge xy assign the label |f(x) — f(y)|. f is called
a cordial labeling if the number of vertices labeled 0 and the number of vertices labeled 1 differ by at most 1.
Also the number of edges labeled 0 and the number of edges labeled 1 differ by at most 1.

Entringer introduced the concept of prime labeling which was later studied by Tout et al.[4]

Definition 1.2. A prime labeling of a graph G of order n is an injective function
f:V - {1,2,....n}such that for every pair of adjacent vertices u and v, gcd{f (w), f(v)} = 1.

Motivated by these two definitions, we introduce group S; cordial prime labeling of graphs. Terms not defined
here are used in the sense of Harary [3] and Gallian [2].

The greatest common divisor of two integers m and n is denoted by (m,n) and m and n are said to be relatively
prime if (m,n) = 1. For any real number x, we denote by |x]|, the greatest integer smaller than or equal to
x and by [x], we mean the smallest integer greater than or equal to x.

A path is an alternating sequence of vertices and edges, vy, eq, vy, €5, ..., V1, €n—1, U, Which are distinct, such
that ejis an edge joining v; and v;,for 1 <i<n-—1. A path on nvertices is denoted by PB,. A path
V1,€1,V2,€82, .., Vp_1,€n_1, Uy, €,, V115 Called a cycle and a cycle on n vertices is denoted by C,. Given two
graphs Gand H,G + His the graph with vertex set V(G)UV(H) and edge setE(G) UE(H)U {uv|u €
V (G),v € V (H)}. Awheel W,is defined as C, + K;. In a Wheel, a vertex of degree 3 on the cycle is called a
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rim vertex. A vertex which is adjacent to all the rim vertices is called the central vertex. The edges with one end
incident with a rim vertex and the other incident with the central vertex are called spokes. The Helm Hiis obtained
from a wheel Wby attaching a pendent edge at each vertex of the cycle C,. The Flower graph is the graph
obtained from a Helm graph H,by joining each pendent vertex to the central vertex of the Helm. The graph
SP(W,) is obtained from the wheel W,by subdividing each spoke by a vertex.

Il.  GROUP S; CORDIAL PRIME GRAPHS

Definition 2.1. Let g: V(G) — S; be a function defined in such a way that xy € E(G) < (o(g(x)),0(g(¥)) =
1.Let n; (g)denote the number of vertices of G having label j under g. Now g is called a group S; cordial prime
labeling if [n;(g) —n; (g)| < 1foreveryi,j € Ss,i # j. A graph which admits a group Sz cordial prime labeling
is called a group Sz cordial prime graph.

Definition 2.2. Consider the symmetric group S;. Let the elements of S;be{e,a,b,c,d,f} where
ez(l 2 3)_a=(1 2 3)'b=(1 2 3)
1 2 3/ 1 3 2/ 3 2 1

=( 1 3)a=( 5 )ir=G 1)
Now o(e) = 1,0(a) = o(b) = o(c) =2 and o(d) = o(f) = 3.

Example 2.3. A group S cordial prime labeling of two graphs is given in Fig. 1

e
a f
d b
a b
e f
d C
Fig. 1

Definition 2.4. The Helm H,,is obtained from a wheel W, by attaching a pendent edge at each vertex of the cycle C,,.
Theorem 2.5. Helm graphs H,,are group S;cordial prime.

Proof. Let H,be the Helm graph. Let w be the center vertex, u,,u,, ..., u,,be the vertices of the cycle C,and let
V1,75, ..., U, be the pendent vertices.
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Fig.2 shows that Hsis group S;cordial prime.

> @
@

Fig. 2
Case (1): n = 0(mod 6).
Letn =6k, k> 1k € Z.

Define g: V(H,) — Ssas follows.
gw) =e

ca,  ifi=17,..,6k—5
d,  ifi=28,..,6k—4
b, ifi=309,.,6k—3
9WI=\¢  ifi=410,..6k-2
¢, ifi=511,..6k—1
e, ifi=612,..6k
d,  ifi=17,..,6k—5
b, ifi=28,..,6k—4
f, ifi=39,..6k-3
9IWI=3c ifi=410,.. 6k-2
e, ifi=511,..6k—1
a, ifi=612,..6k

From Table 1, gis a group S;cordial prime labeling.

Case (2): n = 1(mod 6).
Letn = 6k + 1,k > 1. Define g: V(H,) — S;as follows:

glw) = e
a, ifi=17,..6k—-5
d, ifi=28,..6k—4
b, ifi=309,..6k—-3
glw) =171, if i =4,10,...,6k —2
¢, ifi=511,..6k—1
e, ifi=612,..6k
d, ifi=6k+1
d, ifi=17,..6k-5
b, ifi=28,..6k—4
f,  ifi=39,..6k-3
gw) =1¢, ifi=410,..6k—2
e, ifi=511,..6k—1
a, ifi=6,12,..,6k
\b, ifi=6k+1
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From Table 1, g is a group S;cordial prime labeling.

Case (3): n = 2(mod 6)
Letn=6k+2,k>1
Define g: V(H,) — S;as follows:

gw) = e
a, ifi=17,..,6k—5
d,  ifi=28,..,6k—4
b, ifi=39,..,6k—3
9WI =\ ifi=410,..6k—2
¢, ifi=511,..6k—1
e, ifi=612,..6k
d  ifi=17..,6k—5
b, ifi=28,..,6k—4
f, ifi=309,..6k—3
¢, ifi=410,..6k—2
9WI =\ ifi=511,..6k—1
a, ifi=612,..6k
f, ifi=6k+1
b, ifi=6k+2

From Tablel, g is a group Sscordial prime labeling.

Case (4): n = 3(mod 6)
Letn = 6k + 3,k = 1. Define g: V(H,,) = Ssas follows:

gw) = e
a, ifi=17..6k+1
d, ifi=28,..6k+2
b, ifi=309,..6k-3
g) =<f, ifi=410,..6k—2
¢, ifi=511,..6k—1
e, ifi=612,..6k
e, ifi=6k+3
d, ifi=17,..6k-5
b, ifi=28,..6k—4
f,  ifi=39,..6k-3
gw) =1¢, ifi=410,..6k—2
e, ifi=511,..6k—1
a, ifi=6,12,..,6k
f, ifi=6k+1

From Tablel, g is a group S;is a cordial prime labeling.

Case (5): n = 4(mod 6)
Let n = 6k + 4. Define g: V(H,) — S;as follows:
gw) = e
a, ifi=1,7,..6k+1

_)d, ifi=28,..,6k+2
Fork =0, 9WI =9 Fi=39 .. 6k+3
f, if i = 4,10,...,.6k + 4
¢, ifi=511,..,6k—1

Fork > 1, gw) = {e if i =612, ..,6k
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(d ifi=17,..6k+1
|b,  ifi=28,..,6k+2
_Jf. ifi=39,..6k+3
9(w) = 4 ¢, ifi=410,..,6k+4
e, ifi=511,..,6k—1
\a, if i =6,12,...,6k
From Table 1, gis a group S;cordial prime labeling.
Case (6): n=5( mod 6)
Letn = 6k + 5. Define g:V(H,) — Sas follows:
gw) = e
a, ifi=17,..6k+1
d, ifi=28,..6k+2
b, ifi=309,..6k+3
gw) =1f1, if i =4,10,...,6k + 4
¢, ifi=511,..6k—1
e, ifi=612,..,6k
e, ifi=6k+5
d, ifi=17..,6k+1
b, ifi=28,..6k+2
f, ifi=39,..6k+3
gw) =3¢, ifi=410,..6k+4
e, ifi=511,..6k—1
a, ifi=6,12,..,6k
a, ifi=6k+5
From Table 1, g is a group Sz cordial prime labeling.
Table 1
nature of n n,(9) n,(g) n.(g) nq(9) n,(g) 1 (9)
n =6k +1 2k 2k + 1 2k 2k + 1 2k + 1 2k
n =6k + 2 2k + 1 2k + 1 2k 2k + 1 2k + 1 2k + 1
n =06k +3 2k + 1 2k + 1 2k + 1 2k + 1 2k + 1 2k + 2
n =6k + 4 2k + 1 2k + 2 2k + 1 2k + 2 2k + 1 2k + 2
n==6k+5 2k + 2 2k + 2 2k + 1 2k + 2 2k + 2 2k + 2
= 6k 2k 2k 2k 2k 2k + 1 2k
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Fig 3
Ilustration of the labelings for the Helm graph Hgis given in Fig 3.

Definition 2.6. The Flower graph is the graph obtained from a Helm graph H,, by joining each pendent vertex to the
central vertex of the Helm.

Theorem 2.7. All flower graphs FL,are group S;cordial prime.

Proof. Let Fi, be the flower graph. Let w be the center vertex , let u;, u,, ..., u, be the vertices of the cycle C,and let
v4,V,,..., v,be the pendent vertices of the Helm which are attached to the central vertex w. Number of vertices
inFl, = 2n + 1.

Fl;is group S;cordial prime from Fig. 4.

Define g: V(FL,) — S;as in Theorem 2.5.

Clearly gis a group S;cordial prime labeling.

Illustration of the labeling for the flower graph Flsis given in Fig. 4.

A

Fig 4

Definition 2.8. The graph SP(W,) is obtained from the wheel W, by subdividing each spoke by a vertex.

Theorem 2.9. The graphs SP(W,) are group S; cordial prime.
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Proof. Let W,= Cp+ K; be the Wheel. Let w be the center vertex and let uy,u,,...,u, be the vertices on the cycle C,.

Let the spokes be subdivided by the vertices vy,vs,...,V,

SP(W3) is group Sz cordial prime from Fig. 6..

Case (1): n=0( mod 6)
Define g: V(SP(W,)) — S;as follows:

gw) =e
(@ ifi=17,.
|d, ifi=28,.
_ )b, ifi=39,.
Fork =1, 9u) = {f, if i =410,
[ c, if i =511, ..
ke, ifi=612,..
(&
b
_l5
gw) = 4 c,
le,
\q,

From Table 2,g is a group S;cordial prime labeling.

Case (2): n = 1(mod6)
Letn=6k+1,k>1
Define g: V(SP(W,,)) — S;as follows:

a,
d,
b,
gw) =171,
(o8
e,
d,
d,
b,
f
gw) =16
e,
a,
b,

From Table 2, g is a group S;cordial prime labeling.

Case (3): n = 2(mod 6)

Letn=6k+2,k>1

Define g: V(SP(W,))) — S;as follows:
gw) = e

Fork>1

-

il JESR

.6k —5

.6k — 4

.6k —3

e 6k — 2

6k — 1

6k
ifi=17,..,6k—5
ifi=28,..,6k—4
if i =309,..6k—3
if i =4,10,...,6k — 2
ifi=511,..,6k—1
if i =612,..,6k

gw) =e
ifi=17,..,6k—-5

ifi=28,..6k—4
ifi=309,..6k—3
if i = 4,10, ...,6k — 2
ifi=511,..,6k—1
if i =612,..,6k
ifi=6k+1
ifi=17,..6k—5
ifi=28,..6k—4
ifi=309,..6k—3
if i =4,10,..,6k — 2
if i =511,..,6k—1

if i =6,12,..,6k
ifi=6k+1
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a, ifi=17..,6k+1
d, ifi=28,..6k+2
b, ifi=39,..6k—-3
9WI=\r ifi=410,..,6k—4
¢, ifi=511,..6k—5
e, ifi=612,..,6k
d ifi=17..6k—5
b, ifi=28,..6k—4
f,  ifi=39,..,6k—3
¢, ifi=410,..,6k—2
9 =\e  ifi=511,..6k—1
a, ifi=612,..,6k
f, o ifi=6k+1
b, ifi=6k+2

From Table 2, g is a group S;cordial prime labeling.

Case (4): n = 3(mod 6)
Letn=6k+3,k=>1
Define g: V(SP(W,,)) — S;as follows:

gw) =e
Fork > 1,
ra,  i=17..6k+1
d, i=28,..6k+2
b, i=309,..6k—3
gw) =<f, i=410,..6k—2
¢, i=511,..6k—1
e, i=612,..,6k
e, i=6k+3
d i=17..,6k—-5
b, i=28..6k—4
f,  i=309,..6k-3
¢, i=410,..6k—2
gw)=<e, i=511,..,6k—1
a, i=6,12,..,6k
f,  i=6k+1
b, i=6k+2

c, i=6k+3
From Table 2, g isa group S;cordial prime labeling.

Case (5): n = 4(mod 6)

Letn=6k+ 4
Define g: V(SP(W,)) — S; as follows:
gw) =e
(@ ifi=17,..6k+1
|d,  ifi=28,..,6k+2
)b ifi=39,..6k+3
9WI=\F  ifi=410,.. 6k+4
¢,  ifi=511,..6k—1
e, ifi=612..6k
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(d, ifi=17..6k+1
| b, ifi=28,..6k+2
f,  ifi=39,..,6k+3
9(w) = 4 ¢, ifi=410,..,6k+4
le, ifi=511,..6k—1

a, ifi=612,..,6k
From Table 2, g is a group Sscordial prime labeling.

Case (6): n = 5(mod 6)

Letn =6k +5
Define g: V(SP(W,)) — S;as follows:
gw)=e
(a, i=17..6k+1
i d, i=28..6k+2
b, i=309,..6k+3
g = {f, i =4,10,..,6k+4
ic, i=511,..,6k—1
|e, i=6,12,..,6k
ke, i=6k+5
d, ifi=17..6k+1
b, ifi=28,..6k+2
f, ifi=39,..6k+3
gw)=<¢  ifi=410,..6k+4
e, if i =511,..,6k—1
a, if i =6,12,...,6k
a, ifi=6k+5
From Table 2, g is a group S;cordial prime labeling.
Table 2
nature of n n,(g) n,(g) n.(g) ny(9) n.(g) ns(9)
n==6k+1 k+1 k + 2 k+1 k+ 2 k+2 k+1
n =6k + 2 k+ 2 k + 2 k+1 k+ 2 k+2 k+2
n = 6k + 3 k+ 2 k + 2 k + 2 k+ 2 k+2 k+3
n =6k + 4 k+ 2 k + 3 k + 2 k+ 3 k+2 k+3
n =6k +5 k + 3 k + 3 k + 2 k+ 3 k+3 k+3
n = 6k k + 3 k + 3 k+3 k+ 3 k+4 k+3
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Illustration of the labelings for the graph SP(W5) is giveg in Fig. 5.

Fig. 5
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